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Abstract. One of the main proposed tools to transfer information in a quantum computational
context are spin chains. While spin chains have shown to be convenient and reliable, it has to
be expected that, as with any implementation of a physical system, they will be subject to
various errors and perturbative factors. In this work we consider the transfer of entangled as
well as unentangled states to investigate the effects of various errors, paying particular attention
to unwanted long-range interactions.
1. Introduction
The ability to reliably transfer quantum information in a solid state system is one of the key
ingredients to quantum information processing, particularly when considering the construction
of networked and distributed systems on a larger scale. Spin chains are able to respond to this
challenge, while the mathematical framework that they are based on can be applied to a variety
of physical systems. Examples of successful applications include for instance encoding into
soliton-like packets of excitations [1], electrons or excitons trapped in nanostructures [2, 3, 4],
strings of fullerenes [5] or nanometer scale magnetic particles [6].
Previous work on linear spin chains has shown that in order to ensure perfect state transfer
(PST), the coupling strength Ji,i+1 between two neighboring sites i and i+1 on a chain of length
N should be pre-engineered according to [7]
Ji,i+1 = J0
√
i(N − i), (1)
with J0 the characteristic coupling constant. The time-independent perfect-transfer
Hamiltonian, where we assume that any single excitation energies are site-independent, is thus:
H =
N−1∑
i=1
Ji,i+1[|1〉〈0|i ⊗ |0〉〈1|i+1 + |0〉〈1|i ⊗ |1〉〈0|i+1]. (2)
This Hamiltonian also preserves the number of excitations. In order to assess the quality of
the state transfer of entangled states, we use the entanglement of formation (EoF) [8]. For
unentangled states, we define a fidelity F corresponding to mapping the initial state |ψin〉 over
a time t into the desired state |ψfin〉 via the chain natural dynamics
F = |〈ψfin|e−iHt/~|ψini〉|2, (3)
so that PST is achieved when F = 1. This system dynamics leads in particular also to the
so-called mirroring rule [9], which guarantees perfect transfer of any one state to its mirrored
image with respect to the centre of the chain. We define the time it takes for a state to then
return to its original form as the system or revival time, tS.
2. Effect of perturbations
When considering perturbations, we consider fabrication defects in the spin chains them-
selves on the one hand, and on the other also the effect of non-synchronous or imperfect
input operations [10]. For all perturbations, we consider three types of initial input states:
(i) unentangled states (such as |ψin〉 = |110000〉), (ii) initially entangled states (such as
|ψin〉 = 1/
√
2(|100000〉+ |010000〉)) and (iii) states where the entanglement is created by the sys-
tem dynamics (such as |ψin〉 = 1/2(|000000〉+ |100000〉+ |000001〉+ |100001〉)). After reviewing
the effect of various perturbative factors, we will focus on the central topic of this contribution,
the effect of long-range interactions.
2.1. Imperfect input operations
In the vast majority of quantum information protocols, it is assumed that the system under
investigation is governed by a universal, perfect clock. In an experimental context however, this
might be overly optimistic, especially when the preparation of an input state involves accessing
two or more separate sites of the chain simultaneously. For a type (i) chain, this is relevant when
there are multiple excitations involved as otherwise the entire system dynamics is merely shifted
in time. The actual effect of non-synchronous input depends greatly on the input mechanism
used. We consider the two main possibilities for injection into spin chains, which are injection
via SWAP operation (an additional particle is injected into the chain, e.g. via a waveguide)
and excitation via a Rabi-flopping pulse (e.g. flipping the spin of an electron confined in the
chain) [10]. Both these methods allow for some correction via measurement of the system but
we find that with increasing delay times between injections, systems with Rabi flopping perform
noticeably worse than those where the injection was done via SWAP operation. An exception
are input states of type (iii), where the access sites are far apart and there is therefore virtually
no difference between the effects of the two injection mechanisms.
2.2. Random noise
It has to be expected that any fabrication process of spin chains may lead to random, but time-
independent errors in the coupling values of the system. We model these by adding to all non-zero
entries of the Hamiltonian a random energy ηdl,mJ0 for 1 ≤ l,m ≤ number of basis states. The
scale is fixed by η which we set to 0.1 and for each l ≤ m the different random number dl,m is
generated with a flat distribution between zero and unity. In order to preserve hermiticity, we
set dl,m = dm,l. The specific weight of the noise would have to be determined depending on the
experiment under consideration, but we found that for a perturbation of 10% of J0, near-perfect
transfer is still achieved during the first few periods of the system for all considered types of
initial input.
2.3. Single excitation energies
We previously assumed that single excitation energies are site-independent, and thus did not
need to be explicitly included into the Hamiltonian (Eq. (2)). However, local magnetic fields
or additional single site fabrication defects may result in a loss of this independence, and so we
would have to add to (2) the term
H1 =
N∑
i=1
ǫi|1〉〈1|i, (4)
where ǫi is not independent of the site i any more. We find that this perturbation has little effect
on all input types for small values of ǫi, resulting in a loss of less than 5% for ǫi ≤ 0.1Jmax, Jmax
the maximum value of the coupling between neighbouring sites, at the first revival. However for
larger values the effect becomes very detrimental, in particular for type (iii) input.
2.4. Excitation-excitation interactions
Spin chains containing multiple excitations may also be prone to interactions between excitations
in neighbouring sites. To represent this, we consider the perturbative term
H2 =
N−1∑
i=1
γJ0|1〉〈1|i ⊗ |1〉〈1|i+1. (5)
An example of this would be biexcitonic interaction in quantum dot-based chains [11, 12]. While
this perturbation is not relevant for input type (ii) (due to there only being a single excitation),
we find that for the other two types, the transfer fidelity is again very well preserved for values
of γ up to 0.1Jmax, resulting in less than a 5% loss of the original input state at revival time.
It can also be shown that the loss in fidelity is exponential in N with Gaussian dependence on
the characteristic noise parameters [10].
2.5. Next-nearest neighbor interactions
In our original Hamiltonian (2), we assumed that interactions would be restricted to the nearest
neighbour of any one spin, which is a fair assumption if the transfer between sites is based on
tunnelling. If however instead we consider dipole-dipole interactions, we can model the resulting
perturbation as
H3 =
N−2∑
i=1
Ji,i+2[|1〉〈0|i ⊗ |0〉〈1|i+2 + |0〉〈1|i ⊗ |1〉〈0|i+2], (6)
with Ji,i+2 = ∆(Ji,i+1 + Ji+1,i+2)/2. We have confirmed in [10] that this is a realistic model
for example for semiconductor quantum dots with excitonic qubits. Of all the perturbations
considered so far, this is the most influential. Again, the loss in fidelity is exponential in N with
Gaussian dependence on the characteristic noise parameters. Not only do values of ∆ as small
as 0.05 lead to a considerable loss in transfer fidelity (for a 10 spin chain, 40% loss with input
(i), 20% loss with input (ii), 5% loss with input (iii)), but even for the most stable input (iii) the
periodicity of the system is entirely lost after a single period (for any chain length). As some
protocols rely on continual periodicity, this is a potentially very serious issue (see also [13]).
2.6. Longer range interactions
The main reason for next-nearest neighbours being the most detrimental perturbation is that it is
the only perturbation we have considered so far that effectively opens up “new channels” for the
system dynamics. We can consider this phenomenon in a more general context by formulating
a perturbation factor that opens up all available channels of the system. Assuming that these
unwanted longer range interactions are random, we add to all zero entries in the Hamiltonian
a coupling χdl,mJmax for 1 ≤ l,m ≤ number of basis states. For each l ≤ m the different
random number dl,m is generated with a flat distribution between zero and unity and, in order
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  1  2  3  4  5  6  7
Eo
F
t/tS
(c) χ=0.03
χ=0.1  
 0
 0.2
 0.4
 0.6
 0.8
 1
Eo
F
(b) χ=0.03
χ=0.1  
 0
 0.2
 0.4
 0.6
 0.8
 1
Fi
de
lity
(a) χ=0.03
χ=0.1  
Figure 1. Plots of fidelity and EoF for a 10-
spin chain for two values of χ vs. rescaled
time t/tS : (a) with input type (i), (b) with
input type (ii), (c) with input type (iii).
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Figure 2. Plots of fidelity and EoF at the
first expected revival time for χ = 0.03 vs N:
(a) with input type (i), (b) with input type
(ii), (c) with input type (iii). Lines are best
fit to numerical data.
to preserve hermiticity, we set dl,m = dm,l. In figure 2, every point on the graph corresponds to
an average obtained from 100 realisations. The result of these additional channels has a different
effect on the three types of initial input that we consider. In figure 1 we consider the dynamics
of a typical realisation. We see in figure 1 (a) that the unentangled input type (i) suffers by
far the most: even for small χ (χ = 0.03) the initial state fidelity is not recovered well after a
single period, and subsequently entirely lost. For χ = 0.1, the initial state is not even recovered
at all. By contrast, input type (ii) in figure 1 (b) conserves an acceptable amount of EoF for
χ = 0.03 for a few periods before becoming erratic, whereas the plot for χ = 0.1 shows that
the EoF peaks are shifted from their expected times, making the system entirely unpredictable
after the first revival. A similar phenomenon can be observed in figure 1 (c) for χ = 0.03 where
the EoF peaks of input type (iii) should occur at 0.5tS , 1.5tS , · · · but are actually starting to
be shifted after just the first revival, with additional peaks forming at integer multiples of tS .
However for χ = 0.1, the EoF never reaches decent values. Overall it is worth noting that this is
in-keeping with the detrimental effects of next-nearest neighbour interaction we have observed,
where the most detrimental effect was also seen for input type (i). However the opening up of
new channels even just on a small scale has almost immediate and serious consequences for all
systems considered.
The qualitative effect of opening up new, undesired channels in a system is also dependent
on the number of spins in the chain, N , as a higher dimensional Hamiltonian also allows for
more perturbative elements. We see this confirmed in figure 2, where all three systems show
a clear decreasing trend in transfer quality with increasing N . Again, this data was sampled
and averaged over 100 random runs, keeping a constant χ = 0.03. We see in figure 2 (a) that
again, it is the unentangled input type (i) that suffers most from this perturbation, showing
that, for N = 15, the first revival is barely over 40% of the initial input state. Input types (ii)
and (iii) perform better, with type (ii) in figure 2 (b) losing less than 25% EoF for N = 15 and
similarly with type (iii) in figure 2 (c) losing less than 30% EoF for N = 15. We see therefore
that unentangled states are much more prone to the detrimental effects of new open channels in
a system, but also that shorter chains always perform much better than longer ones, regardless
of the initial input.
3. Conclusions
We have considered the performances of the transfer of both unentangled as well as entangled
states under various physically relevant perturbation factors. Overall, we found spin chains to
be a very robust system, provided that the errors we considered remain of the order of a few
percent of the characteristic coupling constant and that imperfect input will be corrected via
subsequent measurement of the system. In particular, we were concerned with the opening up of
new channels for the system dynamics, beyond next-nearest neighbour interaction, as this had
proved to have the most detrimental effect on PST of any type of input. We have shown that
longer chains suffer significantly more from this type of perturbation, with unentangled initial
states being particularly affected. Large errors lead to a complete loss of the periodicity of the
system, while small errors are tolerable up to a minimum of the first revival for all input types
considered. Our studies demonstrate the impact of various potential difficulties with the imple-
mentation of spin chains, while giving encouraging results for modest errors. This demonstrates
that spin chains are an encouraging candidate for future experiments on information transfer in
solid state quantum information systems.
RR was supported by EPSRC-GB and HP. IDA acknowledges partial support by HP. IDA
and RR acknowledge the kind hospitality of the HP Research Labs Bristol.
References
[1] Osborne T J and Linden N 2004 Phys. Rev. A 69 052315
[2] D’Amico I 2007 Relatively short spin chains as building blocks for an all-quantum dot quantum computer
architecture (Nova Science Publishers) chap 9, pp 281–300
[3] D’Amico I 2006 Microelectron. J. 37 1440–1441
[4] Nikolopoulos GM Petrosyan D and Lambropoulos P 2004 J. Phys. Condens. Matter 16 4991–5002
[5] Twamley J 2003 Phys. Rev. A 67 052318
[6] Tejada J, Chudnovsky E, del Barco E, Hernandez J and Spiller T 2001 Nanotechnology 12 181–186
[7] Christandl M, Datta N, Dorlas T, Ekert A, Kay A and Landahl A 2005 Phys. Rev. A 71 032312
[8] Wootters W 1998 Phys. Rev. Lett. 80 2245
[9] Albanese C, Christandl M, Datta N and Ekert A 2004 Phys. Rev. Lett. 93
[10] Ronke R, Spiller T and D’Amico I 2010 (Preprint quant-ph/1007.4746)
[11] D’Amico I and Rossi F 2001 Appl. Phys. Lett. 79 1676
[12] De Rinaldis S, D’Amico I and Rossi F 2002 Appl. Phys. Lett. 81 4236
[13] Avellino M, Fisher A and Bose S 2006 Phys. Rev. A 74 012321
